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The theory of a proposed isoelectric focusing procedure for the determination of ligand binding constants has been gen- 
eralized (via numerical calculations) to non-linear, electrophoretic velocity profiles and systems for which the change in 
velocity of the protein accompanying ligand binding depends upon pH. The theory has also been extended to include bind- 
ing of ligand to heterogeneous sites. Determination of accurate values of the binding parameters depends upon extrapola- 
tion of apparent parameters to infmite dilution of protein 

1_ Introduction 

Recently [l] a theory has been formulated for a 
proposed isoelectric focusing procedure which per- 
mits determination of the intrinsic binding constant, 
K,, for statistical binding of a charged ligand, 2, to 
3% equivalent sites on a protein molecule, 9_ The pro- 
tein is fust focused in +he absence of ligand, taking up 
position x0 in the focusing column, after which ligand 
is added to the appropriate electrode compartment 
and then driven by the electric field into the column 
where it complexes wit& the protein. The band of 3 
and its complexes, 9L?i , migrates to a new position, 
X, corresponding to the constituent isoelectric point 
of the protein in the equilibrium mixture. The recip- 
rocal of the overall distance moved is linearly related 
to the reciprocal of the local concentration of the free 
&and, Cg (Z), by the equation 

(1) 
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where xf is the position of the isoelectric point of the 
fully liganded protein. 

An experimental design for application of eq. (I) 
involves determination of 2 for differing concentra- 
tion of ligand added to the electrode compartment_ 
The value of K, is given by the quotient of the inter- 
cept and slope of the plot of l/(X-x0) against 
l/C2 (2) Since Cp (2) would be difficult to deter- 
mine, it has been proposed that the concentration of 
ligand in the electrode compartment, or in a cross-sec- 
tional segment of the column between the focused 
zone of constituent protein and the electrode compart- 
ment, be used instead. Under this approximation an 
apparent binding constant, Kapp, is obtained, although 
for certain systems conditions may be realized which 

give a Kapp within 4% of K,. In all cases, extrapola- 
tion of Kapp to infinite dilution of protein yields K,. 
The reason for this behavior is that, at finite protein 
concentration, the steady-state distribution of free 
ligand along the focusing column is not uniform 
throughout, showing a trough at the position of the 
focused peak of constituent protein. As the protein 
concentration is decreased, the trough decreases in 
depth finally disappearing in the limit of infinite dilu- 
tion. 

Derivation of eq. (1) makes the assumptions that 
(1) the electrophoretic velocity of 9 is a linear func- 
tion of position in the isoelectric focusing column and 
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(2) the amount, w, by which each bound &and mole- 
cule increases the velocity of its complex is indepen- 
dent of PH, i.e., the linear velocity profiles of ZJ’ and 
qEfi- are parallel. While these are reasonable assump- 
tions for most systems, in some cases the isoelectric 
points of 9 and 3_@; may be so different that the 
shape of the velocity profiles resembles a titration 
curve [2,3]. Also, binding of ligand might change the 
pK’s of certain ionizable groups on the protein such 
that the velocity profiles are not parallel. Accordingly, 
our previous [l ] transport calculations for isoelectric 
focusing, which simulate the proposed procedure and 
converge to the steady state, have now been extended 
to include non-linear and non-parallel velocity profiles 
with the objective of generalizing the applicability of 
eq. (1). The calculations are for the reaction 

pp+_p * PJz,Ko iI) 

in which the protein binds a single molecule of a nega- 
tively charged l&and. 

In addition, an equation analogous to eq_ (1) is 
presented for binding of ligand to a population of non- 
equivalent, non-interacting sites and tested numerical- 
ly by transport calculations on the heuristic two-site 
system. 

3+L?ZW,K, 

R!z+L?*f~?,K, (11) 

Here we are concerned with procedures, not only for 
determination of an average binding constant, but 
more impofLantly for accurate determination of an 
index of the extent of heterogeneity of the sites. 

2. Theory 

2.1. Non-linear velociry profiles (reaction I) 

The calculations are for an isoelectric focusing col- 
umn l-5 cm in len,@h with the isoelectric point of 
9-G’ @I 92) located anodically to ~19. Three cases 
have been considered: 

Care I. The electrophoretic velocities of 9 and 
9-C as functions of position in the focusing column 
are given by 

(2) 

and 

VP 2 (x) = VP(X) - VP (Xf), (3) 

m which Vp (0) = 1.085 X 1O-4 em s-1 and x0 = 
3 -085 cm; Vy (xf) = 8.0723 X 1O-5 cm s-l and xf = 
0405 cm. Since VT (xf) = w is independent of posi- 
tion and, thus, of pH, the velocity profiles are parallel. 

Case II, The velocity profile of 3 is given by eq. (2) 
and that of 313 by 

I$2 (4 = S r I$ (x) - VP (x-f)1 , 

in which the scaling factor, S, is 

(4) 

I 

VP (0) 
s= VyJ(l.S)- Vy(x,) ’ I 

(5) 

where Vsp (1.5) = -5.35932 X IOm5 cm s-~. In this 
case the profiles are not parallel, w increasing with 
decreasing x (i.e., with decreasing pH). 

Case III. ?$ (x) is given by the product of S and 
the right band side of eq- (2) and Vpp (x) by eqs. (2) 
and (3)_ Here w decreases with decreasingx, so that 
the profiles are non-parallel in the opposite sense to 
Case II. 

Steady-state isoelectric focusing patterns for Cases 
I and II were computed by following the convergence 
with time of the numerical solution of the simultane- 
ous transport equations and mass action expression. 
In order to minimize the amount of computer time, 
the calculations were made for the limit of infinite dilu- 
tion of protein The limit was simulated by applying a 
sufficiently small amount of protein to the focusing 
column and maintaining the concentration of ligand, 
C, along the column constant in position and time El]_ 
This expediency reduces Reaction I to a simple isomer- 
ization with equilibrium constant, K,C, while at the 
same time giving physically meaningful steady-state 
patterns for our systems. Otherwise, the calculations 
are virtually the Same as those described previously for 
linear velocity profiles [l ] including the criteria for 
convergence to the steady-state. Steady-state isoelec- 
tric focusing patterns and values of2 were computed 
for Kg = 5 X 104M-l and a range of values of C. The 
value of X is taken to be the mean position of the peak 
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of constituent protein in the steady-state pattern. The 
diffusion coefficients of 9 and 9-Q were assigned the 
same value: D = 7 X 10e7 cm2 s-l in Case I, 6 X 1O-7 
cm7 s-l in Case II. 

The transport calculation were dispensed with in 
Case III, values ofCg (2) corresponding to given values 
of z? being calculated as follows: The constituent veloc- 
ity of the protein, q(x), is given by 

F(x) = QP(X) Q (x) + [I-qml VP_@ (x)3 (6) 
where ‘Ye is the fraction of 3 in the equilibrium 
mixture. At X, v(Z) = 0 so that 

The local concentration of free l&and is related to 
a~(?) through the mass action expression 

(7) 

(8) 

2.2. Bi?zding to iromequivaleut, iron-interacting sites 

(Reaction I.) 

One approach to the analysis of the binding of 
ligand to a population of non-equivalent, non-inter- 
acting sites on a protein is to assume a continuous dis- 
tribution of sites with respect to the free ener,9 of 
binding [4,5] _ A Sips distribution is often used [4-91 
in which case the binding iso’rherm is 

Y r7 = 1l(Kcp)~/[l+(Kcp )“I, O<a<l (9) 

where ;is the number of moles of A? bound per mole 
of total protein; Cg is the equilibrium concentration 
of free ligand; K is tin average binding constant, which 
is equal to the reciprocal of Cg when 2 = ~12; and 
a is the Sips index of heterogeneity, which is a meas- 
ure of the broadness of the distribution. Eq. (9) is 
adapted to the proposed isoelectric focusing procedure 
for measuring binding constants by using it in place of 
the Langrnuir isotherm, eq. (2) of Cann and Gardiner 
[l] in their derivation of eq. (1) of this paper for sta- 
tistical binding to equivalent sites. This gives the anal- 
ogous double-reciprocal relationship 

1 __ 
& = & i- (x,2x,) [j=Q (Z)]” (10) 

for binding to heterogeneous sites. 

Here too it is proposed that, in practice, the initial 
concentration of ligand, C, in the electrode compart- 
ment, or its concentration in a segment of the column 
between the focused zone of constituent protein and 
the compartment, be used in lieu of Cg (2). Numerical 
transport calculations have been made to evaluate the 
conditions under which this approximation can give 
accurate values of li and a . We proceed by making 
the heuristic assumption that the binding characteris- 
tics of the heterogeneous, two-site system, Reaction 
Set II, can be represented formally by a Sips distribu- 
tion. Eqs. (9) and (10) are recast, setting CG =Cp(.?) 
= C, to give 

log[rz-/r---l] =alog l/K-.alog c 

and 

(11) 

[ 

Xf “0 
log ~ 

x-x0 
-1 1 =rtlog l/K ---alog c (12) 

respectively_ A Sips plot of log[~z/~--l] versus log C 
is then constructed in accordance with eq. (1 I), the 
value of zbeing calculated for a range of values of C 
using the two term isotherm 

;=r;, c/(l+K’lc) +KZC/(l+K,C), (13 

with K, = 4X lo5 M-l and K2 = 4X lo4 M-l. The 
linear least-squares fit of the mid-portion of the SIPS 
plot pves K = 1.26 X lo5 M-l and a= 0.748. Steady- 
state isoelectric focusing patterns and values of X are 
now computed for a range of values of C and constit- 
uent protein concentration; log [(xf -x0)@-x0) -11 
is plotted against log C in accordance with eq. (12); 
and apparent values of the average binding constant 
and index of heterogeneity, KaPP and aapp respective- 
ly, are -obtained by least-squares fitting of the linear 
mid-portion of the plot for comparison with the fore- 
going values of K and a. 

Transient and steady-state isoelectric focusing pat- 
terns were computed for finite protein concentrations 
as described previously [ 1 ] except for (1) the trans- 
port of four instead of three species and (2) the use of 
the appropriate mass action expressions for recalcula- 
tion of chemical equihbrium after each time cycle of 
diffusion and driven transport. As before, the protein 
sample load is expressed as the maximum concentra- 
tion, C$, in the initial Gaussian distribution of 3 
about its p1 in the focusing column. The diffusion co- 
efficients of 3, 92 and 922 were assigned the same 
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value, 6 X 1O-7 cm2 s-1 _ The linear velocity profiles 
of the protein species are given by ?$,- (x) = 10m4 X 
(ai -x), in which frL is the position of the pl of spe- 
cies i ; ai = I.085 cm for 9,0.745 cm for 3 L? and 
0405 for ‘?J_Q_ For the Egand,D~ = 1 X lop5 cm2 
s-l and Vg = -5 X 1O-4 cm s-l. The numerical pro- 
cedures were checked by control calculate made for 
statistxal bindin to two equivalent sites, Reaction II 
w&K1 = 2k,-,,K2 = (1/2)k0 and kO = 5 X lo4 ML’. 

2.3. Display of isoelectric focusizzg paltenzs 

The computed isoelectric focusing patterns are dis- 
played as plots of molar constituent concentration of 
protein, c, against x with the anode to the left. For 
Reaction I, C is the sum of the concentrations of 3 
and 3-P ; I’or Reaction II, 3, S?E’ and P’-P2_ Vertical 
arrows locate the isoelectric points of designated spe- 
cies_ Representatrve steady-state distributions of free 
&and along the focusing column are also presented 
for Reaction II, for which the calculations were made 
at finite protem concentrations. 

3. Results 

3.1. iVomZi7zear velociiy proj?Zes [Reaction I) 

The non-linear velocity profiles are presented in 
fig. lA, and representative steady-state isoelectric fo- 
cusing patterns in fig_ 1B. The patterns were computed 
for Case I in the Emit of infiite dilution of protein, 
the parallel velocity profiles of 9-P and P being given 
by curves a and b in fig_ lA, respectively. A fimdamen- 
tal feature of the patterns is the dependence of the 
width of the focused peak upon its position in the col- 
umn_ This is so because the variance of the peak about 
its mean is given by [lo], o2 =D/{dv(x)/dx)z}, 
where the value of the constituent velocity gradient at 
Z, (dv(~)/dx)~ varies along the column. In the ab- 
sence of @and (pattern a in fig_ 1B) the protein fo- 
cuses at pb at which position (d:d(x)/dx)% = 

(dv, (x)/d+, = 1365 X 10m4 s-l so that cr2 = 
5.128 X 10d3 cm2, while the almost fully liganded 
(99.8%) protein (pattern<) focuses at a position very 
close to ~192 where (dV(x)/dx), = 8.872 X low5 s-l 
and u2 = 7.890 X 10m3 cm2. Thus, the peak is 24% 
broader at a nearly saturating concentration of ligand 

than in its absence. An intermediate width is shown 
for half-saturating concentration (pattern b), 
(dv(x)/dx)% = 1.242 X 10-a s--1 and u2 = 5.636 X 
10H3 cm2 _ 

Actually, the peak for half-saturating concentration 
of hgand is not focused exactly between ~19 and 
pI 92 because 1 VP 1 f 1 Vpe 1 at that position, 0.745 
cm; rather it is positioned upstream at Z = 0.778 cm 
very close to 0.780 cm where I Vy I = I Vpz 1. (Not 

precisely at 0.780 cm because of very slight skewing.) 
In fact, for all values of C, Z is displaced somewhat 
from the position that would obtain it-r the event of 
linear velocity profiles. Nevertheless, the plot of l/ 
(Z--x0) against 1 /C is linear (fig_ 2); and the quotient 
of its intercept and slope gives an apparent binding 
constant, IcaPP = (438 i O-037) X lo4 M-j, which de- 
viates by only 12% from the actual constant, Ku = 5 
X lo4 M-l _ As shown in fig. 2, the plot is also linear 
for Case II (curves c and b in fig. 1A for the non-paral- 
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Fig_ I_ Theoretical isoelectric focusing patterns (Reaction I 
with KQ = 5 X lo4 hl-’ and C$ = 1 X lO* M). A. Non-linear 
velocity profiles used to compute the focusing characteristia 
in the limit of infinite dilution of protein: curves a and c, 
VP2 (x); b and d, V, (x)_ Case I, curves a and b; Case II, 
c and b; Case Ii?, a and d. B. Representative steady-state iso- 
electric focusing patterns computed for Case I: a, C=O; b, 2 X 
10-M; c, 1 x 10-2M_ 
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Fig. 2. Double reciprocal plot of steady&ate isoelectric fo- 
cusing data simulated numerically for Reaction I (Ko = 5 X 
lo4 M-l) in the limit of infmite dilution of protein. The 
straight lines are the least-squares fits: Case I, (z--x# = 
-(I 508 i_ 0.0019) - (3.443 * 0.0114) X low5 C-‘with stan- 
dard error of estimate, o = 2.66 x 10” cm-t; Case II, 
(4-x&’ = -_(I_515 i- 0.9133) - (4.247 i 0.0128) x 10-s c-t, 
o,, = 2.29 X lo-* cm-‘; Gaze III, (Z-x&-’ = - (1.511 * 
0.0104) - (2.806 * 0.0097) x 10-s c-’ o 

’ Y 
= 2.34 x lo-Zcm-*_ 

lel velocity profiles of 3L? and 3, respectively) and 
Case III (curves a and d). In Case II, Kapp = (3.57 +- 
0.033) X lo4 M-l which deviates by 29% from K, ; 
Case III, Kapp = (5.39 k 0.041) X lo4 M-l or 8% 
derivation from K. _ 

These results are for a negatively charged ligand. 
For a positive ligand, p1 PJ, < ~19~ ; the velocity pro- 
files are interchanged; and the values of K,,, deviate 
from K. by the same percentages as for a negative 
ligand but in the opposite sense. 

3.2 Binding to non-equiuaZent, non-interacting sites 

(Reaction II) 

The velocity profiles of 3, PPand pp’ are presented 
in fig. 3A. The abscissal coordinate is the same as in our 
previously reported calculations [I] for binding to a 
single site, Reaction I with K, = 5 X 104 M-1 ; the lin- 
ear velocity profiles of 3 and TE_G are the same as pre- 
viously assigned to 9 and YE ; ~192 is positioned 
exactly midway between pI9 and pIqpz ; and w is a 
constant _ Accordingly, it was anticipated that the con- 
trol calculations on statistical binding to two equiva- 
lent sites (Reaction II with intrinsic constant, 5 X lo4 
M-l) at finite protein concentrations would give the 

x <cm! 

Fig. 3. Theoretical isoelectric focusing patterns (Reaction II 
with K1 = 4 X IO5 M-’ and K2 = 4 X IO4 M-’ ). A. Velocity 
profiles: a, VP (x);b, Irye (x); c, “9~ (“). 
B. Representative focusing patterns illustrating the time- 
course of approach to the steady-state, C$ = 4 X 10” M and 
C=8X106h~:a,t=0,b,4X103s;c,I.0X104s;d,1.2X 
IO5 s. C. Steadystate distriiution of free ligand along the iso- 
electric focusing column, C= 8 X IO* Mr a, C$ = 4 X 10% 
M;b,4X 10-sM;c,8X 105M. 

same results as reported previously for Reaction I_ 
(Note that eq. (1) is silent with respect togz.) This was 
found to be so in every respect, thereby lending con- 
fidence in the following results for non-statistical 
binding to two sites. 

The representative isoelectric focusing patterns dis- 
played in fig.3B illustrate the time-course of approach 
to the steady-state for essentially half-saturating con- 
centration of ligand. Since these particular calculations 
are for a rather low total protein concentration, C!$,= 
4 X 10 -6 M, the peak focuses virtually at the midpoint 
between ~13 and ~192~ (i-e., at p1 ,~e) as dktated 
by the parallel, linear velocity profiles_ Moreover, as 
shown in fig. 4, the plot of log [(xf -x0)/(%-x0) - 1 ] 
against log C (data points, *) coincides closely with 
the Sips plot (curve a) and gives Kapp = 1.25 X lo5 
M-l and aapp = 0.755, which are to be compared with 
E = 126 X lo5 M-l and a;= 0.748. Such good agree- 
ment was realized because, at this low C$ , the trough 
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c CM) 

Fig. 4. Sips plot and the analogous plot of theoretical isoelec- 
tric focusing data for Reaction II with Kr = 4 X IO5 h'i' and 
K:! = 4 X IO4 hl-'. Curve a, Sips plot of log[*r /7 -11 against 
log C (e _ (I I)); 0, computer simulated isoelectric focusing da- 
ta for Gil, - - 4 X IO* M plotted as log[(xf-xo)/(ji--xo) -_I ] 
against 10~ C (eq. (I 2)) Curve b and A, simulated focusing da- 
ta computed for C$ = 8 X IO* M and plotted in accordance 
with eq. (12). The insert shows the extrapolation of Eapp 
(curve a) and CI app (curve b) to infinite dilution of protem. 

in the steady-state distrbution of free ligand along 
the column is quite shallow (curve a in fig. 3C). At 
higher C$ the trough is considerably deeper (fig. 3C) 
as a consequence of which the log-log plot of the si- 
mulated focusing data deviates significantly from the 
Sips plot J and the higher C$ , the greater the devia- 
tion_ For example, at C!$ = 8 X 10-S M (curve b in 
fig. 4), Kapp =_ 1.06 X lo5 M-r and aapp = O-861_ It is 
evident that K,, andaapp must be extrapolated to 
infinite dilution of protein for accurate determination 
ofK and a, as illustrated by the insert to fig. 4. 

4. DiscussiorI 

Two conclusions can be drawn from the results 
presented above. First, those for Reaction I generalize 
the applicability of eq. (I), not only to non-linear ve- 
locity gradients, but also to systems where the amount 
by which each bound ligand molecule increases the ve- 
locity of its complex depends upon pH, and non-lin- 
early at that. Evidently, the only critical assumption 
made in the derivation of eq. (1) is that the velocity 
profile be linear in the region of the isoelectric point, 
and this wilI be approximately so for any continuous 

function. The perturbing non-linear effects are reflect- 
ed in the value of the apparent binding constant given 
by the quotient of the intercept and slope of the lin- 
ear, double-reciprocal plot of (Z--x0) against C, but 
the results indicate a maximum error of only about 
30%. It is important to note, however, that the appar- 
ent binding constant must be extrapolated to infinite 
dilution of protein in order to realize this degree of 
accuracy_ 

The second conclusion is that, in principle, isoelec- 
tric focusing lends itself to the analysis of the binding 
of Iigand to a population of nonequivalent, non-inter- 
acting sites on a protein, as well as statistical binding 
to equivalent sites. If a Sips distribution of sites is as- 
sumed,E and a are determined by extrapolation of 

E”pp and a app~o in&rite dilution of protein. While 
the value of Kapp determined at a given protein con- 
centration may be acceptable for some purposes, in 
general, even a 15% deviation of aapp from awill not 
be, since a is a sensitive measure of the broadness of 
the distribution_ For example, a= O-7 corresponds to 
a distribution in which 75% of the sites fall in the 
range 0.16 K to 6n’, while for a= 0.8 the range is 
027 K to 3.7 E [8]. Moreover, it is conceivable that 
under certain experimental conditions aapp might ap- 
proach 1, the value of a for a homogeneous system. 
Clearly, faithful description of heterogeneous systems 
depends upon extrapolation to infinite dilution. 

Finally, isoelectric focusing data might be inter- 
preted in terms of other models such as a Gaussian 
distribution of binding energies [4] or a discrete dis- 
tribution [l 1] , values of the apparent fractional satu- 
ration of sites being given by 

(z/*)app = (~-.--xo)l(xf-x()), (14) 

which is obtained in a manner analogous to the deriva- 
tion [1] of eq. (1). In that event, either (Z/PZ),~~ or 
all of the parameters of the model must be extrapo- 
lated to infinite dilution_ Analysis of cooperative bind- 
ing follows that presented herein for binding to heter- 
ogeneous sites, the Sips index of heterogeneity in eqs. 
(9)-(12) being replaced by the Hill coefficient [ll]. 
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